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Abstract 

Fock modules for multi-dimensional Virasoro algebras (non-central 
extensions of the diffeomorphism algebra Dect(iV)) have recently been 
reported. Using ideas from the antifield formalism, I construct new 
classes of lowest-energy modules, as cohomology groups of a certain 
Fock complex. The Fock construction involves a passage to p-jets prior 
to normal ordering, but the abelian charges usually diverge in the limit 
p — > oo. The requirement of a finite limit imposes severe restrictions 
on the number of spacetime dimensions and on the order of the Euler- 
Lagrange (EL) equations. Under some natural assuptions (the EL 
equations are first order for fermions and second order for bosons, and 
no reducible gauge symmetries appear) , finiteness is only possible when 
the number of spacetime dimensions N = 4. 

1 Introduction 



In a recent paper [10], I constructed Fock modules of non-centrally extended 
diffeomorphism and current algebras in iV-dimensional spacetime, i.e. the 
higher-dimensional generalizations of Virasoro and affine algebras. More 
precisely, I considered the DGRO (Diffeomorphism, Gauge, Reparametri- 
zation, Observer) algebra DGRO(N, g), where g is a finite-dimensional Lie 
algebra. The crucial idea was to first expand all fields in a multi-dimensional 
Taylor series around the points on a one-dimensional curve ("the observer's 
trajectory"), and then to truncate at some finite order p. We thus obtain 
a realization of dect(./V) ix map(A r , g) (semi-direct product of diffeomorphism 
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and current algebras )Q on the space of trajectories in the space of tensor- 
valued p-jets. This space consists of finitely many functions of a single vari- 
able, which is precisely the situation where the normal ordering prescription 
works. After normal ordering, a Fock representation of the DGRO algebra 
is obtained. 
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Related work can be found in |lj, g, g, |TO, 
Cocycles of the diffeomorphism algebra were classified by Dzumadil'daev ||] 
and reviewed in [jT^]. 

To progress further, one now wants to construct more interesting mod- 
ules of lowest-energy type. A natural idea is to consider a complex of Fock 
modules: 









- JPf 2 
















- jp^ 2 



(1.1) 



Here J V T 9 are DGRO(N, q) Fock modules, the vertical maps denote the 
module action, Q 2 = 0, and all squares commute. In this situation, DGRO(N, g) 
will act in a well-defined manner on the cohomology groups H 9 (Q), which 
thus acquire a module structure. 

The problem is now to find such a complex. A natural candidate is 
found in the physics of gauge theories, as formulated cohomologically in the 
anti- field formalism |7|] . The goal of classical physics is to find the stationary 
surface S, i.e. the set of solutions to the Euler-Lagrange (EL) equations, 
viewed as a submanifold embedded in configuration space Q. Dually, one 
wants to construct the function algebra C(S) = C(Q)/I, where I is the ideal 
generated by the EL equations. For each field (j) a and EL equation £ a = 0, 
introduce an anti-field (p* a of opposite Grassmann parity. The extended 
configuration space C(Q*) can be decomposed into subspaces C 9 (Q*) of 
fixed antifield number g, where afn<p a = 0, afn<p* a = 1. As is well known, 
the Koszul-Tate (KT) complex 

J- C°(Q*) J- C X (Q*) J- C 2 (Q*) J- . . . , (1.2) 

where 5(p a = and 5<j)* a = £ a , yields a resolution of C(E); the cohomology 
groups H 9 {8) = unless g = 0, and H°(5) = C(Q)/l|. 

The idea in this paper is to consider not just functions on the stationary 
surface, but all differential operators on it. The KT differential 5 can then 

1 In previous writings, I have denoted the diffeomorphism algebra, or algebra of vector 
fields, Dect(iV) by diff(N). 
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be written as a bracket: 5F = [Q, F], where the KT charge Q = J £ a TT% 
and 7r* is the canonical momentum corresponding to 4>* a . If we pass to 
the space of p-jets before momenta are introduced, the Fock construction 
applies. Since the KT charge consists of commuting operators, it does not 
need to be normal ordered, and we recover precisely the situtation in (1,1); 
the cohomology groups are well-defined DGRO(N, q) modules of lowest- 
energy type. 

An outstanding problem is to take the jet order p to infinity, because 
infinite jets essentially contain the same information as the original fields. 
This limit is problematic, because the abelian charges diverge with p. How- 
ever, it was noted in |l3j that if we have several independent jets, of order 
p, p — 1, p — r, we can arrange so that the leading terms cancel, and 
the abelian charges are finite in N = r dimensions (they vanish in iV < r 
dimensions). This situation applies here, because the anti-fields correspond 
to lower-order jets; the order depends on the order of the EL equations. A 
set of consistency conditions can therefore be formulated. These conditions 
are very restrictive, and natural solutions exist in four dimensions only. 

Hence quantum diffeomorphism symmetry is only possible provided that 
spacetime is four-dimensional. 



2 DGRO algebra 

Let £ = ^(x)d l j i , x € R , <9 M = d/dx^, be a vector field, with commuta- 
tor [£,77] = i^dyjfdy — rfdv^dp. Greek indices fj,, v = 1,2, ..,N label the 
spacetime coordinates and the summation convention is used on all kinds of 
indices. The diffeomorphism algebra (algebra of vector fields, Witt algebra) 
dect(./V) is generated by Lie derivatives In particular, we refer to dif- 
feomorphisms on the circle as reparametrizations. They form an additional 
dect(l) algebra with generators Lf, where / = f(t)d/dt, t € S , is a vector 
field on the circle. Let map(iV, q) be the current algebra corresponding to 
the finite-dimensional semisimple Lie algebra q with basis J a , structure con- 
stants f ab c , and Killing metric S ab . The brackets in 5 are [J a , J b ] = if ab c J c . 
A basis for map(A r , g) is given by g-valued functions X = X a (x)J a with 
commutator [X,Y] = if ab c X a Y b J c . Finally, let Obs(N) be the space of lo- 
cal functionals of the observer's tractory q^(t), i.e. polynomial functions of 
q^{t), q^(t), ... d k (t) / dt k , k finite, regarded as a commutative algebra. 
Obs(N) is a oect(A^) module in a natural manner. 

The DGRO algebra DGRO(N, g) is an abelian but non-central Lie al- 
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gebra extension of dect(iV) k map(./V,g) © oect(l) by Obs(N): 
— ► Obs(N) — ► DGRO{N,q) — > aect(AT) x map(iV, g) © oect(l) 
The brackets are given by 

= C^ + ^J dt q p{t)[ Cl d p d v ^{q(t))d^{ q (t)) 
+C2d p d^(q(t))d vV »(q(t))}, 

[£(,Jx] = J$x, 

[Jx,Jy] = J[X,Y]-^-5 ab f dtqP{t)d p X a (q{t))Y b {q{t)), 

[L/ ' £?] = zkj '*(/(*)-*/(*)) (2-1) 

[L f ,Jx] = 0, 

[L^L,] = L [f:g] + ^Jdt(f(t)g(t)-f(t)g(t)), 

= e(qm 

[Lf,q»(t)] = -f(t)qP(t), 
[j x ,q»(t)] = [<f(8),<f(t)]=0, 

extended to all of Obs(N) by Leibniz' rule and linearity. The numbers c\—c^ 
are called abelian charges. In previous papers, I considered a slightly more 
complicated extension which depends on three additional abelian charges 
cq — cs, but they vanish automatically when q is semisimple. The DGRO 
algebra is the natural higher-dimensional generalization of the Virasoro and 
affine Kac-Moody algebras. 

3 Koszul-Tate cohomology 

3.1 Classical representations of oect(iV) x map(iV, g) 

Let J a = (Jp a ) and T„ = (T^*) be matrices satisfying q and gl(N), respec- 
tively, where the brackets in gl(N) are 

[Ti},Tg\=8iTS-8$TS. (3.1) 

It is straightforward to verify that £g = £ M <9^ + d^T" and Jx = X a {x)J a 
satisfy Dect(iV) x map(iV, g). This implies that its modules are tensor densi- 
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ties valued in g modules. The oect(iV) x map(iV, g) action is given by 
[C^Mx)} = -e{x)d^ a {x)-d u e{x)T^ ( j ) ^x), 

(3.2) 

Ux,Mx)} = -X a (x)4 a ^(x), 



Let Q = Q{4>) denote the module spanned by all 4> a (x), x <G R . In physics 
terms, Q is our configuration space. 

3.2 KT complex for functions of x 

Clearly, Dect(iV) x map(iV, g) acts not only on Q but also on the space of 
local functionals on Q; denote this space C(Q). This module is highly 
reducible; eg., C(Q) = ®^ = oC n (Q), where C n (Q) consists of functionals 
that are homogeneous of degree n in <p. 

An interesting submodule of C(Q) can be constructed as follows. Let 
S = J d N x £{<p) be an invariant action (in the sense of physics) and £(<j>) 
the associated Lagrangian. The Lagrangian is a local functional of (f>, i.e. a 
function of <j) a {x) and its derivatives <9^0«(x), dnd v <j> a (x), etc., up to some 
finite order, all evaluated at the same point x. In practice, the Lagrangian 
only depends on first-order derivatives. The Euler-Lagrange (EL) equations, 

5(pa(x) d(j) a d^Cpa 

generate an ideal 1 C C(Q), and the factor space C(Q)/2 is still a oect(iV) x 
map(iV, g) module due to the invariance assuption. This factor space is most 
conveniently described as a resolution of a certain Koszul-Tate (KT) com- 
plex. For each field 4> a (x), introduce an antifield 4>* a (x) transforming as the 
corresponding EL equation £ a (x). We then consider the extended configu- 
ration space Q* as the span of 4> a (x) and 4>* a (x) . Now consider the space of 
local functionals on Q*: C(Q*) = C (Q) <g) C (<£*), where C (</>*) denotes the 
space of local functionals of (f>*(x). If <fi is bosonic (C(Q) consists of sym- 
metric functionals), then (f>* is fermionic (C(<p*) consists of anti-symmetric 
functionals), and vice versa. 

Define the anti-field number by a£a<p a = 0, &iii(j)* a = 1. C(Q*) can be 
decomposed into subspaces C 9 (Q*) of fixed antifield number g: 

C(Q*) = e^ C(Q) ® C»(0*) = ©~ Cf (Q*). (3.4) 

The KT complex takes the form 

J- C°{Q*) J- C\Q*) J- C 2 {Q*) J- ... (3.5) 
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where the KT differential 5 is defined by 



<ty a (x)=0, 5<j)* a {x) = £ a (x). (3.6) 

By a standard argument [Q], the cohomology groups H g (5) = unless g = 0, 
and H°(S) = C{Q)/I. H°{8) can be thought of as the space C(E) of 
functions on the stationary surface X, i.e. the set of solutions to the EL 
equations, embedded as a submanifold in Q. 

Introduce canonical momenta 7r a (x) = 5/5<j) a (x) and 7r* (x) = 5/5(p* a (x) 
satisfying 

[7T a (x),My)} = [rf(x),^ a (y)]=5%5(x-y), (3.7) 

and all other brackets vanish. The antifield number is afn7r a = 0, afri7r* = 
— 1. The KT differential can then be written as a bracket: 5F = [Q,F], 
where 

Q = J d N x £ a (x)Tr* a (x). (3.8) 

Let V be the phase space corresponding to Q, i.e. the span of 4> a {x) and 
ir a (x), and let V* be the enlarged phase space, i.e. the span of </> Q (x), 4>* a (x), 
Tr a (x) and 7r*(x). The expression ( |3.8[) defines a differential, also denoted 
by Q, which acts on the space C(V*) of local functionals on V* . Note that 
CiV*) is a non-commutative algebra, which can be thought of as the algebra 
of differential operators on Q*. The decomposition into subspaces of fixed 
antifield number now extends indefinitely in both directions: 

C(V*) = ®^L_ 00 C 9 (V*). (3.9) 

Accordingly, we obtain the two-sided complex 

... S- C^iV*) S- C°(V*) S- C l {V*) S- . . . (3.10) 

The cohomology group H°(Q) can be thought of as the space of differential 
operators on the stationary surface S. However, I do not know if ( 3.10| ) is a 
resolution, i.e. if the other cohomology groups vanish. 

There is a problem: the EL equations may be dependent, i.e. there may 
be relations of the form 

r a ( x ) = r a a {x)£ a {x) = 0, (3.11) 

where r^(x) is some functional of 4> a (x). Then H l {Q) ^ 0, because r^(x)(f)* a (: 
is KT closed: [Q, r^(x)4>* a (x)] = 0. The standard way to kill this unwanted 
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cohomology is to introduce a second-order antifield b a (x). Let [Q,b a (x)] = 
r^(x)4>* a (x), which makes the latter expression exact and thus makes it van- 
ish in cohomology. To obtain the explicit expression for Q, introduce the 
second-order antifield momentum c a (x), with the non-zero bracket [c a (x), b b (x)] = 
5 b a 5{x — y). The full KT differential is now 

Q = j d N x (£ a (x)7r* a (x) + r a a {x)4>* a (x)c a {x)). (3.12) 

There can in principle be relations also among the r®(x) of the form Z (x) = 
Z^{x)r%(x) = 0. If so, it is necessary to introduce higher-order antifields 
to eliminate the unwanted cohomology. However, we will assume that the 
gauge symmetries are irreducible, i.e. that no non-trivial higher-order rela- 
tions exist, since this is the case in all experimentally established theories of 
physics. 

The situation is summarized in the following table: 
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Field 


Momentum 


Ideal 







7T a {x) 




1 


(f)* a (x) 


<0) 


£ a {x) w 


2 


b a (x) 


C a {x) 


r a a {x)(i)* a {x) w 



(3.13) 



3.3 KT complex for functions of x and t 

In pQ] Fock representations of DGRO(N, q) were constructed. Its classical 
modules consist of g-valued tensor fields which also transform as densities 
under reparametrizations: 

[C^,(j> a {x,t)) = -e{x)d PL ct )a (x,t)-d u e{x)T^{x,t), 
[Jx,Mx,t)] = -X a (x)jP a Mx,t), (3.14) 

[Lf, <p a (x,t)] = -f(t)d t Mx,t)-\(f(t)-if(t))Mx,t). 

Denote the linear span of (f> a (x, t) by Q(t) and the corresponding phase space 
by V(t). The EL equations now read £ a (x,t) = 0; they are obtained from 
(3.3) by replacing <fi a (x) by 4> a {x,t) everywhere. The KT charge ( 3.12j ) is 
replaced by 

Q= [d N xdt (£ a (x,t)ir* a (x,t) +r*(x,t)0* a (x,t)c a (x,t)). (3.15) 
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Since the space C(Q(t)) is larger than C(Q), we must factor out a larger 
ideal to obtain a resolution of the same space C(S). It is easy to see that 
the necessary additional requirement is dt4> a ( x ,t) ~ 0; to implement this 
constraint in cohomology, we introduce the antifield cf) a (x,t) with canonical 
momentum T a (x,t). Since £ a (x,t) depends on (f> a (x,t) only, we now have 
dt£ a (x,t) = 0, which generates unwanted cohomology. This is eliminated 
by introducing a second-order antifield (f)* a (x,t). Finally, the other second- 
order antifield b a (x, t), associated with the gauge symmetry, is now reducible. 
Correct this by introducing a third-order antifield b a (x,t). The situation is 
summarized in the following table: 
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Field 


Momentum 


Ideal 





<f>a(x,t) 


ir a (x,t) 




1 


<t>* a {x,t) 


<0M) 


£ a {x,t) ps 


1 


4> a {x,t) 


W a (x,t) 


d t 4> a (x,t) 


2 


b a (x,t) 


c a (x,t) 


r^(x,t)(f)* a (x,t) Pa 


2 


0* a (x,t) 


Tf* a (x,t) 


d t ct>* a (x,t) «o 


3 


b a {x,t) 


c a (x,t) 


d t b a (x,t) « 



(3.16) 



The full KT differential becomes 

Q = J d N xdt (£ a (x,t)ir* a (x,t)+r°(x,t)(j)* a (x,t)c a (x,t) (3.17) 

+a t a (x, t)7f a (x, t) + d t 4>* a (x, t)w* a { x , t) + a t 6 a (x, t)c a { x , t)). 

As before, we obtain resolutions of C(Q(t))/l(t) = C(£) and C(P(t))/l(t), 
where T{t) is the totality of all relevant ideals. 



3.4 KT complex in jet space 

The crucial idea in |l(| is to introduce a priviledged curve qp(t) G 1^ in 
spacetime ("the observer's trajectory") and to expand all fields and antifields 
in a Taylor series around this curve, before introducing canonical momenta. 
Hence e.g., 

<j> a {x,t) = V ^T0 a ,m(t)(x-g(t)) m , (3.18) 

m! 

where m = (mi,m2, ...,mj\r), ah ^ 0, is a multi- index of length |m| = 



E 



u=i m M an d m ' 



mi!m2!...m7V" 



Denote by ^ a unit vector in the 



S 



direction, so that m + \i = (mi, + 1, mjv), and let 



0a,m(*) = d m (j) a (q(t),t) = di^..dN^d^(j) a (q(t),t) (3.19) 

mi mjv 

be the |m| th order derivative of (f> a (x,t) on the observer's trajectory q^(t). 
Such objects transform as 

[C </>a, m (t)] = a m ([^,0 C( (g(t),t)]) + [£ e ,^(t)]^ m ^ a (g(i),t) 

= - E 2&(e(g(*)))^.n(t), 

|n|sC|m| 

[JxA*,m(t)} = dm([Jx,Mq(t),t)}) (3-20) 

= - E 

[n|<[m| 

= -/(t)^m(t) " A(/(t) " i/(t))0 a , m (i), 



where 



r n m (0 = (7>T(0) 

= (^)s n - m+ ,^T; + ( m "_ Jft.-^e" - C^r, (3-21) 

J?(X) = (J^(X)) = (Z)dn- m X a J a , 



and 



m\ m! f mi\ / m2\ I win 



nj n!(m — n)! \ n i J \ n 2 J \ijv 



(3.22) 



Here and henceforth we use the convention that a sum over a multi-index 
runs over all values of length at most p. Since T,£(£) and J£,(^Q vanish 
whenever |n| > |m|, the sums over n in fl3.20|) are in fact further restricted. 

Denote the space spanned by q^(t) and {4> a ,m(t)}\ m \^p by J P Q. 4> a ,m(t) 
will be referred to as a p-jet, where p is the trunctation ordeiQ This space 
is not a DGRO(N, q) module, because diffeomorphisms act non-linearly 

2 p-jets are usually defined as an equivalence class of functions: two functions are equiv- 
alent if all derivatives up to order p, evaluated at q^, agree. However, each class has a 
unique representative which is a polynomial of order at most p, namely the Taylor ex- 
pansion around g M , so we may canonically identify jets with Taylor series. Since q^it) 
depends on a parameter t, we deal in fact with trajectories in jet space, but these will also 
be called jets for brevity. 
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on the trajectory, as can be seen in fl2.ip . However, the space C{J P Q) of 
functionals on J P Q (local in t) is a module, because the action on a p-jet 
can never produce a jet of order higher than p. Equivalently, there is a 
non- linear realization of the DGRO algebra on the jet space J P Q. 

Expand also the EL equations and the anti-fields in multi-dimensional 
Taylor series. Set £ a m (t) = d m £ a (q(t),t) and <£*£(t) = d m <f>* a (q(t) , t) . What 
must be noted is that we can only define f^(t) for |m| p — o a , where o a is 
the order of the EL equation £ a (x). This is because £% l (t) is a function of 
4> a ,n(t) for all |n| ^ |m| + o a , and (j> a , n (t) is undefined for |n| > p. Similarly, 
the relations fl3.11| ) and the corresponding second-order anti- fields b a (x) give 
rise to the jets r a m (t) = d m (r*(q(t),t) 0* Q (q(t),t)) and6 a m (t) = d m b a (q(t) , t) , 
respectively. If the relations are of order <j a in the derivatives, r a m (t) and 
b a m (t) is only defined for |m| ^ p — q a . 

The conditions of type dt<p a {x,t) give rise to additional constraints: 

D t (j) a , m (t) = 0a,m(*) ~ q^{t)4>a,m+^{t) « 0, 

D t( j>%(t) = 0*£(*)-g>(^ +Ai (*)*O, (3.23) 
D t b%(t) = &jn(t)-g^(t)6f m+M (t)«0. 

These conditions are eliminated in cohomology by the introduction of further 
(second and third order) anti- fields (j> am {t), <^>*m(i) an d b a m (t). The condi- 
tions in ( |3.23| ), and hence the barred antifields, are only defined for one order 
less than the corresponding unbarred antifield, since |m + y\ = |m| + 1. 

Add dual coordinates (jet momenta) p^(t), Tr a ' m (t), 7Ta' m (t), c'™(t), 
W a ' m (t), Wa m (t) and Ca m (t)), which satisfy 





= 5»6(s-t), 






= 5%6™6(s- 


t) 




= €^6(s- 


t) 


[c a m (s),b b n (t)] 


= SlS^S(s- 


t) 




= 8%6™6(s- 


t) 




= €C5(s- 


*) 


[c^(s),b%(t)] 


= SlS^S(s- 


t) 



and all other brackets vanish. Denote the phase space spanned by all jets 
and jet momenta by J P V* and the space of local functionals on J P V* by 
C(J P V*); alternatively, this space may be considered as the differential oper- 
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ators on J P Q*. The KT differential acting on the space of C(J P V*) becomes 
Q = jdt{ £ £%(t)** a m (t)+ £ rf m (i)cr(*) 

jmj^p-Oo, |m|^p-<; a 

+ £ A^, m (0vf Q ' m (t) + £ ACm(«' m (i) 
|m|<p-l |m|^p-o a -l 

+ E A& a m (M)cr(M))- (3.25) 

|m|<p-Ta-l 

The situation is summarized in the following table: 
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Field 


Momentum 


Order 


Ideal 









P 






1 






p-o a 







1 




Tf a ' m (t) 


p — 1 


D t 4> a , m (t) 


» 


2 


&Tm(*) 






r%(t) ~ 





2 




vf.' m (t) 


p-o a -l 


A«t) f 


« 


3 




C'a m (t) 


P ~ ~ 1 


A6 a m (t) * 


a 



3.5 KT complex for the observer's trajectory 

Until now we have not been very explicit about the set of fields. In this 
subsection we will assume that among the fields <p a {x) is a metric guv(x), 
either as a fundamental field or expressed in terms of vielbeine. We can then 
construct the following derived quantites: 

1. The Levi-Civita connection T^ T (x,t) = ^g up (x,t)(d <T g pT (x,t) + 
d T g ap (x,t) - d p g aT (x,t)). 

2. The einbein e(t) = ^ g^u{q{t),t)^{t)q v {t). 

3. The reparametrization connection F(t) = —e~ l (i)e(t). 
Consider the geodesic operator 

G^t) = e-\t)g^t)(q»(t)+T(t)q»(t) + r» T (t)q°(t)qT(t)), (3.27) 
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where g^it) and T v aT {t) are the zero-jets corresponding to the metric and 
Levi-Civita connection, respectively. If we define the proper time derivative 
by 

^(t) = e~Ht)j t (e(t)m, (3-28) 
fl3.27p takes on the suggestive form 

G,(t) = g,At)(^(t) + KAt)%(t)^-(t)). (3.29) 

It is straightforward to check that the geodesic equation Quit) = trans- 
forms homogeneously under DGRO(N, q): 

[JxMt)] = 0, (3.30) 

[LfMt)] = -f(t)g v (t)-f(t)g v (t). 

It can therefore be used to eliminate the observer's trajectory, apart from 
initial conditions. To implement this constraint in cohomology, we introduce 
the trajectory antifield q^(t), with momentum p*^(t). They obey the non- 
zero anticommutation relation 

\p^(s),qt(t)}= 6f}8(a-t), (3.31) 

which is fermionic sinc6 Qi/(t^ is bosonic. The contribution to the KT dif- 
ferential is 

Q = j dt g„{t)p^{t). (3.32) 

4 Quantization 

The KT complexes constructed in the previous section were all classical in 
the sense that the abelian charges of the DGRO algebra vanish. To quantize 
the theory, we introduce a Fock vacuum annihilated by all negative Fourier 
modes; see [1C] for an explicit description on how this is carried out. To avoid 



ill defined expressions acting on the Fock vacuum, all expressions must be 
normal ordered with respect to frequency; this is denoted by double dots 
( : : ). It follows immediately from ( 3. 20] ) that the following operators define 
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where 



a realization of DGRO(N, q) in Fock space: 

A = f dt{:e(q(t))vM+ E itM)):^^):} 

|nK|m| 

= / dt { *"(<z(t))p„(t): -^(g(t))P M (t) + 

|n|<|m|<p V 7 

|n|<|m|<p V 7 

J X = /"rft £ J^(X(q(t))):^ n (t)^ m (t): 

|n|<|m| 

= / dt E (°)ftn-n^(9W)C(i)> 
|n|<|m|<p 

% = 1 * /(*)£(*) + A(/(t) - if(t))E(t), 



|m|<p 

L(t) = -:q»(t)p^t): + F(t), 
E™(t) = :7r a ' m (W«,n(t):, 
CW = Jf a :vr a ' m (t)^, n (t):, 

F(t) = J2 ■■* a ' m (t)4>a, m (t>- 

|m|<p 



(4.2) 
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and Ty = (Tpjf) and J a = (Jg a ) are matrices that generate gl(N) and g, 
respectively. The currents in (|4.2|) satisfy an algebra of the form 



[T^(s),El(t) 

[jr(s),Ei(t) 

[F(s),F(t) 

[F(s),E™(t) 
[F(s),J™(t) 



+ + - 1), 

+ o, 

+ ^ o6 TO( s -t), 
+ o, 



(4.3) 



24vTZ 

dp 
Airi 
+ 0, 

di 



+ 



47TZ 



OH* -*) + »<*(* ~ *)), 
W(5(s-t) + ij(s-t)). 



Here I have not written down regular terms explicitly; they form an open 
algebra which is described in fl3|| . 

Let g be a gl(N) representation and Mag representation. Define num- 
bers u,v,w,x,y by 



tr 1 = x, 

tr T{? = wdv, 



tr = v$Sl + v$8}, 

tr J a J b = y5 ab , 



(4.4) 



where the trace is taken in the g®gl(N) representation M © g. The relation 
to the numbers ko(g), k\(g), k2(g), and um defined in [O is 



u = ki(g) dim M, 
v = k2(g) dim M, 
w = ko(g) dim M, 



x = dim g dim M, 
y = dim gy M , 



(4.5) 



provided that g and M are irreducible. The values of the abelian charges 



were given in |10[, Theorems 1 and 3, and again in [13], Theorem 1. They 
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depend on the central extensions in ( |4.3| ): 



1 N V N + 2 



' 2 " N r 2k3 {N + l - kA \N + 2 > 



ca = (4 - 6) 



c 4 = 2iV - c 
C5 = h 



N + p 
N 

N + p 
N 

For the Fock module, we have 

ki = Tu, k 2 = TV, h = TW, k 4 = ^x, 

(4.7) 

h = Ty, d = Tx, di = Tw, c = Tx. 

The upper signs apply to bosons and the lower signs to fermions. Note that 
I have used the assumption that g is semisimple to put k$ = kj = feg = 0. 

The DGRO(N, q) representations obtained in this fashion are well de- 
fined for all finite values of the jet order p. In order to reconstruct the 
original field by means of the Taylor series ( |3.18| ), one must take the limit 
p — > oo. A necessary condition for taking this limit is that the abelian 
charges have a finite limit. Taken at face value, the prospects for succeeding 
appear bleak. When p is large, ( m ^ p ) ~ p n /nl, so the abelian charges (|4.6|) 
diverge; the worst case is c\ ~ C2 ~ p N+2 /(N + 2)!, which diverges in all 
dimensions iV > —2. In [13] I devised a way out of this problem: consider a 



more general realization by taking the direct sum of operators corresponding 
to different values of the jet order p. Take the sum of r + 1 terms like those 



in ( |4.2[) , with p replaced by p, p — 1, p — r, respectively, and with g and 
M replaced by and in the p — i term. 

Such a sum of contributions arises naturally from the KT complex, be- 
cause the antifields are only defined up to an order smaller than p (e.g. 
p — o a or p — s a ). Summing the contributions from the various entries in 
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subsections EO and 3.5, (fO|) is replaced by 



dt {:£"(g(t))jv(t): - ^((?(t)) :q;(t)p* v (t): + 
+ £ :0/J,n(t)^ m (t): + 

n|^|m| ^p-o a 

E ^(«9(*)))^n(*)cT(*): + 

n|<|m|sgp-l 

E :W*)*? m (*): + 

n|<|m|^p— o — 1 



+ 



(4.8) 



E 



n6n 



n|<|m|^p-c a — 1 



(e(g(t))):^,(*)2rW:}, 



and similar contributions to J7x and Lt. Here T^miC) an d T'^(^) are matri- 
ces in the two different gl(N) representions acting on fields and second-order 
antifields, respectively; the action on first order antifields is dual to the field 
action, because this is how the EL equations transform. 

Denote the numbers u,v,w, x,y in the modules and defined 
as in (4.4), by Ui,Vi,Wi, Xi,yi, respectively. Of course, there is only one 
contribution from the observer's trajectory. Then it was shown in [13], 
Theorem 3, that 



N + p — r 
N -r 

N + p — r 
N -r 

N + p — r 
N -r 



C 2 = -V 

a = x 



N + p — r 
N -r 
N + p — r 
N -r 



(4.9) 



ci = -U[ 
c 3 = W{ 
c 5 = Y[ 

where uq = U, vq = V, wq = W, xq = X and yo = Y, provided that the 
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following conditions hold: 

i-2 j 



j=o 1=0 v ' 

vi + J2(2 Wj + = (-T ( •) v; 

i=o £=o 

Wi + y^ y xj = {-y( r .)w, 

3=0 



r i—l 

i=0 i=Q 
r 

E x i = °> 



(4.10) 



VII 

i=0 
r— 1 i 

Xj = 0. 

i=0 j=0 

The abelian charges diverge if N > r and vanish if N < r. When N = r, 
the they are independent of p and in general non-zero. 
Define 



i-2 j 

r 



a 



EE(- 

j=0 1=0 

ft = (4.U) 



7* 



Using the recurrence formula 



j=0 

ED- 

j=0 fcO 



n\ ( n \ ( n — 1 



(4.12) 
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and a straightforward induction argument, it can be shown that 
The conditions ( [4.10 ) become 



<*i = 7i = (-)' 



a = -(-r 



r — 1 
i-1 



(4.13) 



tij + otiX = (— 
«i + 2/W - 7i* = ( 



V, 



i v 



W, 



(4.14) 



^ + 0iX = (-)' 

** = (-)'(;)*. 

«.-(-)'(;) 

The remaining conditions follow immediately from the identities a r +i = 

Pr+l = 0. 

There is another, simpler way to arrive at ( |4.14 ). Ignoring the finite 
contributions from the observer's trajectory, (|4.6j) can be rewritten as 



ci 

C3 
C 4 

C5 



uA(p) + xC(p- 1), 

uA(p) + 2wB(p - 1) + xC(p - 2), 

— wA(p) + xl?(p — 1), 

xA{p), 

-yMp), 



(4.15) 



where 



A(p) 
B{p) 
C(p) 



N + p 
N 



(4.16) 



^ (mi + l)(m 2 + 1) 



iV + p + 2 
iV + 2 



As discussed in [ 13 ] , the numbers arise from sums over multi- indices length 
|m| ^ p of certain components. The restriction to finite length can be viewed 
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as a regularization, with the nice property that diffeomorphism invariance 
is preserved. Another possible regularization is to introduce the fugacity 
( = (Cl) •••> Cw)j and consider the expressions 

N 1 

mo = £c m = n 

|m| i=l S 

B(C) = £(m 1 + l)C m = (Ci^- + l)A(C) = -^— A(C) (4.17) 

|m| 

C(C) = £(m 1 + l)(m 2 + l)C m = (Ci^ + l)(C2^ + l)A(C) 

m 

If we now put all Q = (, we obtain 

A K) = (T=^p B (0= {1 _l )N+1 , c(0= {1 _l )N+r (4-18) 

The limit p — > oo is replaced by ( — > 1. 

However, it is not B(p) and C(p) that appear in ( 4.15| ), but rather B(p — 
1), C(p- 1), and C{p-2). If 

^-E^C'^^O (4.19) 

k=0 

then 

A(p - 1) ~ J2 ak -^ = E a ^' +1 ^ ^(0- (4-20) 

k=0 1=0 

More generally, ^4(p - A;) ~ £ fc A(C). 

Equation ( [4 . 1 5| ) contains the contributions from a single, fermionic jet 
of order p. With several jets of order p, p — r, the term uA(p) becomes 
uoA(p)+uiA(p— l) + ...+u r A(p— r), so we must replace the parameter u with 
the function u(() = ^2l =0 Ui( l , Taking this into account, (|4.15| ) corresponds 
to 

Cl = u(()A(0 + x(()(C(0, 

c 2 = v(0A(() + 2w(()(B(0 + x(0( 2 C(0, 

c 3 = -w(C)A(() + x(()CB(C), (4.21) 

c 4 = x(C)A(C), 

c 5 = -y(0M0- 
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Now demand that 



ci = U, c 2 = V, c 3 = -W, c 4 = X, c 5 = -Y, (4.22) 

in the limit £ — > 1. The simplest way to achieve this is to require that ( f4.22| ) 
holds for all £. This leads to 



xc^i-C)^ 2 , 

(4.23) 



Equation (|4.14D is recovered after an expansion in £. E.g., 

N //V\ 

x(C) = E^ = ^(l-O iV = EHM - W, (4.24) 

i=0 i=0 ^ ' 

leading to x% = (— y(^)X and r = N. 



<0 


= U(l- 




o N ~ 2 , 




= 


0* + 2WC(l 


- cr- 1 


w(0 


= W(l- 


- cf - xai - 


-o N ~\ 


x(0 


= 


o N , 




y(C) 


= y(i- 


N - 





5 Solutions to the constraint equations 
5.1 Original constraint equations 



Let us now consider the solutions of ( 4.10| ) for the numbers Xj, which can 



be interpreted as the number of fields and anti-fields. First assume that the 
field 

0a,m(O is fermionic with xf components, which gives xq — xf- We 
may assume, by the spin-statistics theorem, that the EL equations are first 
order, so the bosonic antifields <^>*m(i) contribute — xf to x\. The barred 
antifields <j> a m (t) are also defined up to order p — 1, and so give x\ = —xf, 
and the barred second-order antifields 4>*m(t) §i ye x 2 = %F- Further assume 
that the fermionic EL equations have xs gauge symmetries, i.e. the second- 
order antifields b a m (t) give X2 = xs- In established theories, xs = 0, but 
we will need a non-zero value for xs- Finally, the corresponding barred 
antifields give x 3 = —xs- 

For bosons the situation is analogous, with two exceptions: all signs are 
reversed, and the EL equations are assumed to be second order. Hence 
0*m(*) yields X2 = xb and the gauge antifields b a m (t) give x 3 = —xq- Ac- 
cordingly, the barred antifields are one order higher. 
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The situation is summarized in the following tables, where the upper half 
is valid if the original field is fermionic and the lower half if it is bosonic: 



9 


Field 


Order 







0a,m(*) 


P 


xp 


1 


0o,m(*) 


p — 1 


— Xi? 


1 




p — 1 


— Xi? 


2 




p-2 


Xp 


2 




p-2 


x 5 


3 




p — 3 


-X 5 





0a,m(*) 


p 


-x B 


1 


0o,m(*) 


p — 1 


X B 


1 




p-2 


X B 


2 




p — 3 


-X B 


2 




p-3 


-xg 


3 




p - 4 


X G 



(5.1) 



If we add all contributions of the same order, we see that relation iv in ( f4,14| ) 
can only be satisfied provided that 



P 
P 



P ■ 

1 : 

2 : 



p-3: 



-2x_f + x B = 

Xb + X^ + X^ = 
-XB - X S ~ XG 



-rX, 
'r 



X, 

r 
3 



X, 



(5.2) 



P 



P 



4 : 



x G 







X, 



X,... 



The last equation holds only if r ^ 4 (or trivially if X = 0). On the other 
hand, if we demand that there is at least one bosonic gauge condition, the 
p — 4 equation yields r ^ 4. Such a demand is natural, because both the 
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Maxwell/Yang-Mills and the Einstein equations have this property. There- 
fore, we are unambigiously guided to consider r = 4 (and thus N = 4). The 



specialization of (5.2) to four dimensions reads 





p ■■ 


p- 


1 : 


p - 


2 : 


p - 


3 : 


p - 


4 : 



xf — xb = X 
-2x F + x B = -4JC, 
xb + xf + xs = GX, 
-x B -x s -x G = -4X, 
x G = X. 



(5.3) 



Clearly, the unique solution to these equations is 

x F = 3X, x B = 2X, x s = X, x G = X. (5.4) 



5.2 Reduced constraint equations 



The barred antifields, associated with the constraints ( 3.23| ), can conve- 



niently be eliminated first. For each field or antifield of order p — o a , there is 
a corresponding barred antifield of opposite Grassmann parity and one order 
lower. E.g., for the field <f> a ,m{t) at order p, we have the antifield a m (t) at 
order p — 1, and for <^*^(i) at order p — o a , we have (j>*^{t) a t order p — o a — 1. 
Thus, if Xi has a contribution x\ from an unbarred (anti-)field, then Xj+i 
has the contribution — x\. In particular, x' r = 0. This means that the total 
value for C4 in (JO]) becomes 



c 4 



J2 Xi 

i=0 
r-1 

i=0 

r-1 

i=0 

r-1 

i=0 



N 



<rp 
N 



N + p — 
N 

N + p 
N 

N - 1 

N ■ 



N 



<rp 
N 



(5.5) 



N +p-i 
N 



P 
1 



We recognize that this expression is of the same form as the original ex- 
pression, with the replacements X{ — ► x' i7 N — > N — 1, and r — ► r — 1. The 
finiteness conditions for the original parameters x% are thus equivalent to 
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the same conditions for the reduced parameters x\ in one dimension less. 
Henceforth we only consider the reduced parameters, and skip the primes 
to avoid unnecessarily cumbersome notation. 

The tables ( |5.lD are replaced by (fermions first, bosons second) 



9 


Field 


Order 


X 





<t>a,m(t) 


P 


Xp 


1 


CmW 


p-1 


—Xf 


2 




p-2 


XS 





<t>a,m(t) 


p 


-x B 


1 




p-2 


X B 


2 




p-3 


-x G 



(5.6) 



The reduced version of (|5.2j) becomes 



P 

p — 1 
p-2 

p-3 

p-4 



xp — xb = X 
—xf = —rX, 



x B + x s 



X. 



(5.7) 



-XG 



3 

X,... 



X. 



If we sum the first three equations, we obtain xs = (r 2 —3r+2)X/2. Thus the 
only case where we can avoid the fermionic gauge symmetries is if r = 2, i.e. 
N = 3. However, if we put r = 2, we get from the fourth equation xg = 0, 
which means that there are no bosonic gauge symmetries either. But this 
can not be the case, assuming that the Einstein equation is included among 
our EL equations, and thus r > 2. However, the last equation is clearly 
impossible to satisfy if r ^ 4. For r = 3, i.e. N = 4, (|5.7|) becomes 



P 

P 
P 



p : 

1 : 

2 : 

3 : 



xf — xb = X 
—xf = —3X, 

xb + xs = 3X, 
-xg = -X. 



(5. 
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The solution to these equations is of course still given by (|5.4|), 

The solutions to the other conditions in ( 4.10| ) follow by analogous con- 
siderations. Assume that there are xp fermions that contribute xf, Uf, uf, 
vf, wf to parameters x, y, u, v, w, respectively. The contributions from the 
xb bosons, xs fermionic gauge conditions, and x G bosonic gauge conditions 
are denoted analogously. Since we have already excluded N 7^ 4, we limit 
ourselves to this case. We also use the reduced parameters and hence we set 
r = 3. The numbers a, and in ( [4.11 ) are 



i 




A 


H 














1 





1 





2 


1 


-2 


1 


CO 


-1 


1 


-1 



(5.9) 



By following exactly the same arguments as for Xi above, we see that the 
reduced version of ( 4.14| ) becomes 





p ■■ 


xf — xb 


= X 


VF ~ VB 


= Y 


p 


- 1 : 


—xf = - 


-3X 


-VF = ~ 


-3Y 


p 


- 2 : 


x B + x s 


= 3X 


vb + ys 


= 3Y 


p 


- 3 : 


-x G = - 


X 


~VG = - 


-Y 





p : 


uf — ub 


= U 


V F - V B 


= V 


P 


- 1 : 


—uf = - 


-3U 


-V F = ~ 


-3V - 2W 


P 


- 2 : 


ub + u s 


= 3U -X 


V B + V S 


= 3V + AW + X 


P 


- 3 : 


-u G = - 


-u + x 


-v G = - 


-V-W -X 



(5.10) 





p ■■ 


wf — wb 


= W 


p- 


1 : 


—wf = - 


3W — X 


p- 


2 : 


wb + ws 


= 3W + 2X 


p- 


3 : 


-w G = - 


W-X 
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The solutions are given by 



X B 


= 2X 


JjB 


= 2Y 


Xp 


= 3X 


!JF 


= 3Y 


X S 


= X 


ys 


= Y 


X G 


= X 


VG 


= Y 



u B 


= 2U 




V B 


= 2V + 2W 


Uf 


= 3U 




V F 


= 3V + 2W 


u s 


= U - 


X 


V S 


= V + 2W + X 


ug 


= U - 


X 


VG 


= V + 2W + X 



w B = 2W + X 
WF = 3W + X 
ws = W + X 
w G = W + X 



This is our main result. It expresses the twenty parameters xb — wq in 
terms of the five parameters X, Y, U, V, W. For this particular choice of 
parameters, the abelian charges in ( |4,9| ) are given by ( 4.22j) , independent of 
p. Hence there is no manifest obstruction to the limit p — > oo. 



5.3 Comparison with known physics 

All experimentally known physics is well described by quantum theory, grav- 
ity, and the standard model in four dimensions. We have already seen that 
quantum general covariance more or less dictates that spacetime has N = 4 



dimensions (5.2). It is therefore interesting to investigate to what extent 
the particle content matches ( |5.4[ ); recall that x = til equals the number of 
field components. 

The bosonic content of the theory is given by the following table. Stan- 
dard notation for the fields is used, and one must remember that it is 
the naive number of components that enters the equation, not the gauge- 
invariant physical content. E.g., the photon is described by the four com- 
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ponents A, rather than the two physical transverse components. 



Field 


Name 


EL equation 


x B 


ACL 

p- 


Gauge bosons 


jj paj.iv _ jafi 


12 x 4 = 48 




Metric 


nnv — J^rritv 


10 


H 


Higgs field 


g^d^H = V(H) 


2 



Gauge condition 


XG 


DpD v F a > iV = 
d v G» v = 


12 x 1 = 12 
4 



(5.12) 



The total number of bosons in the theory is thus xs = 48 + 10 + 2 = 60, 
which implies X = 30 by (|5.4|). The number of gauge conditions is xq = 16, 
which implies X = 16. There is certainly a discrepancy here. 
The fermionic content in the first generation is given by 



Field 


Name 


EL equation 




u 


Up quark 


Tpu = ... 


2x3 = 6 


d 


Down quark 


Jpd = ... 


2x3 = 6 


e 


Electron 


Ipe = ... 


2 




Left-handed neutrino 


JPVL = - 


1 



(5.13) 



The number of fermions in the first generation is thus xf = 6+6+2+1 = 15. 
Counting all three generations and anti-particles, we find that the total 
number of fermions is = 2 x 3 x 15 = 90, which implies X = 30. There 
are no fermionic gauge conditions, so xs = 0, which implies X = 0. 

It is clear that the predictions for X (30, 16, 30, 0) are not mutually 
consistent. However, to cancel the leading terms, of order p and p — 1, 
it is only necessary that 2xf = 3xb, which is indeed the case in known 
physics. It is therefore tempting to speculate that known physics is a first 
approximation of a more elegant theory, which has the same field content 
but more gauge conditions, including fermionic ones. This issue will be 
addressed in the discussion. 

It is important to check that the results remain the same if the same 
physical situation is described with a different, but equivalent, set of fields. 
Typically, such spurious degrees of freedom have algebraic EL equations. 
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Denote the original (bosonic, say) xb fields by 4> a ,m{t) and let ipi !m (t) be 
xa spurious fields, denned for |m| ^ p. The contribution to xq from the 
bosonic fields is thus xb + xa- There are also xa new EL equations E l m (t), 
defined for |m| ^ p because they are algebraic; E l m {t) contains ipj tT1 (t) for 
all |n| ^ |m|, but not of higher order. The corresponding anti-fields ^*^(t) 
add — xa to xq. The total result is xo = xb + xa — xa = xb, as before. 

An example is given by the gravitational field in vielbein formalism. In- 
stead of the 10 components of the metric g^ v = g VfM we have the 16 vielbeine 
e^. However, the requirement that the metric g^ y = e l ^e iv be symmetric 
gives rise to 6 algebraic conditions, so the contribution to xq is still 10. 

6 Discussion 

There are two key lessons to be learnt from twentieth century physics: 

• General relativity teaches us the importance of diffeomorphism invari- 
ance. Physics is fully relational; there is no background stage over 
which physics takes place. Rather, geometry itself participates ac- 
tively in the dynamics. Note that this is very different from mere 
coordinate invariance, because there is no compensating background 
metric. 

• Quantum theory teaches us the importance of projective lowest-energy 
representations; the passage from Poisson brackets to commutators 
makes normal ordering necessary. E.g., to study angular momentum 
from a quantum perspective, it is not sufficient to limit oneself to 
proper (integer spin) representations of the rotation group 50(3); one 
must also include the projective (half-integer spin) representations. 
For finite-dimensional groups such as 50(3), projectivity only man- 
ifests itself on the group level, but in the infinite-dimensional case 
already the Lie algebra is modified. Algebras of linear growth acquire 
central extensions, e.g. the Virasoro and affine Kac-Moody algebras, 
whereas algebras of polynomial but non-linear growth acquire abelian 
but non-central extensions. 

The successful construction of a quantum theory of gravity will probably 
combine these two insights. It seems obvious that the correct way to com- 
bine diffeomorphism invariance and projective representations is to consider 
projective representations of the diffeomorphism group, which on the Lie 
algebra level gives rise to the DGRO algebra. To even think about quan- 
tum gravity without understanding DGRO(N, q) seems to be a doomed 
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project. It would be like doing classical gravity without tensor fields (= 
proper representations of the diffeomorphism group), or like doing quantum 
theory without spinors (= projective representations of SO (3)). Hence it 
seems appropriate to refer to DGRO algebra symmetry as quantum gen- 
eral covariance. In fact, the Fock modules considered in [PJ automatically 
solve some of the outstanding problems in quantum gravity. By definition, 
it clarifies the role of diffeomorphisms, and there are no causality problems, 
because the theory only involves events on the observer's trajectory and such 
events are always causally related [14|. 

With the introduction of the Koszul-Tate cohomology in the present pa- 
per, dynamics has entered representation theory, presumably for the first 
time. Since the classical KT cohomology is equivalent to standard formu- 
lations of classical physics, and the presence of Virasoro-like cocycles sig- 
nals quantization, the construction in the present paper can be regarded as 
a novel quantization method, although the relation to other quantization 
schemes is unclear. An important feature is that abelian extensions pose no 
problem, as long as they are finite in the p — > oo limit. 

The existence of this limit may be viewed as a requirement on objective 
reality; the p-jets living on the observer's trajectory can be extended to 
fields defined throughout spacetime by means of a Taylor expansion, only 
if the limit p — > oo is well defined. This imposes severe constraints on 
the field content. As we saw in Section 5J, most of these conditions are in 
qualitative agreement with established theories of physics, in particular with 
the standard model. We find both fermions and bosons, with EL equations 
of first and second order, respectively, and bosonic gauge constraints of third 
order. Moreover, spacetime must have four dimensions provided that there 
are no reducible gauge conditions. 

However, there is also sharp disagreement on the number of gauge con- 
ditions. Quantum general covariance predicts the existence of fermionic 
gauge freedom of second order, and additional bosonic gauge freedom at 
third order. This points toward some kind of modification, maybe involving 
superalgebras. An interesting possibility is to consider a gauge theory based 
on the exceptional Lie superalgebra mb(3|8), which is the simple vectorial su- 
peralgebra of maximal depth 3 [l9f . Classically, the corresponding gauge 
algebra map(./V, mb(3|8)) acts on functions (f> a (x,y), valued in modules of 
the grade zero subalgebra sl(3) © sl(2) (Bgl(l), i.e. the non-compact form of 
the symmetries of the standard model. Here x = (x^) E M> N is a spacetime 
coordinate and y = (y l ) £ C 3 ' 8 is a coordinate in internal space. I have 
recently attempted to generalize the standard model to a gauge theory with 
mb(3[8) symmetry, and extra conditions on the fermionic fields do indeed 
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arise 



15]. However, the considerations in that paper are purely classical. 



It is clear that quantization in the spirit of the present paper can be car- 
ried out (map(iV, mb(3|8)) C dect(iV + 3|8)), but this task has not yet been 
undertaken. 
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